Introduction {#Sec1}
============
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                \begin{document}$\mathbb{R}^{d}$\end{document}$-valued random vectors.

Definition 1.1 {#FPar1}
--------------

(Ko et al. \[[@CR1]\])
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                \begin{document}$\mathbb{R}^{d}$\end{document}$-valued random vectors is negatively associated if every finite subsequence is negatively associated.
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                \begin{document}$d=1$\end{document}$, the concept of negative association had already been introduced by Joag-Dev and Proschan \[[@CR2]\]. A number of well-known multivariate distributions possess the NA property, such as the multinomial distribution, multivariate hypergeometric distribution, negatively correlated normal distribution, and joint distribution of ranks.

In addition to Definition [1.1](#FPar1){ref-type="sec"}, for random vectors in $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{R}^{d}$\end{document}$, we can define asymptotically negative association (ANA).

Definition 1.2 {#FPar2}
--------------
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                \begin{document}$\mathbb{R}^{\vert T \vert d}$\end{document}$ are any real coordinatewise nondecreasing functions.
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                \begin{document}$d=1$\end{document}$, the concept of asymptotically negative association was proposed by Zhang \[[@CR3], [@CR4]\] and studied by Yuan and Wu \[[@CR5]\].

It is obvious that a sequence of asymptotically negatively associated random variables is negatively associated if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$\rho^{-}(1)=0$\end{document}$. Compared to negative association, asymptotically negative association defines a strictly larger class of random variables (for detailed examples, see Zhang \[[@CR3], [@CR4]\]). Consequently, the study of the limit theorems for asymptotically negatively associated random variables is of much interest.

We refer to Zhang \[[@CR4]\] for the central limit theorem, Wang and Lu \[[@CR6]\] for some inequalities of maximums of partial sums and weak convergence, Wang and Zhang \[[@CR7]\] for the Berry--Esseen theorem and the law of the iterated logarithm, Yuan and Wu \[[@CR5]\] for the $\documentclass[12pt]{minimal}
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                \begin{document}$L_{p}$\end{document}$-convergence and complete convergence of the maximums of the partial sums, among others.

The concept of coordinatewise negative association (CNA) for random vectors with values in $\documentclass[12pt]{minimal}
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As in the definition of CNA, we can define coordinatewise asymptotically negative association for random vectors with values in $\documentclass[12pt]{minimal}
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Definition 1.3 {#FPar3}
--------------

A sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq 1\}$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{d}$\end{document}$-valued random vectors is said to be coordinatewise asymptotically negatively associated (CANA) if for each *j* $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{R}^{d}$\end{document}$-valued random vectors is ANA, then it is CANA. However, in general, the converse is not true.
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In Sect. [2](#Sec2){ref-type="sec"}, we give some lemmas, which will be used to prove the main results, and in Sect. [3](#Sec3){ref-type="sec"}, we prove the $\documentclass[12pt]{minimal}
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Throughout the paper, the symbol *C* denotes a generic constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0< C<\infty )$\end{document}$, which is not necessarily the same in each occurrence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{n}=\sum_{i=1}^{n} X_{i}$\end{document}$ for a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq 1\}$\end{document}$ of random vectors, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert \cdot \Vert _{p}$\end{document}$ denotes the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L_{p}$\end{document}$-norm. Moreover, ≪ represents the Vinogradov symbol *O*, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I(\cdot )$\end{document}$ is the indicator function.

Some lemmas {#Sec2}
===========

From the definition of a sequence of ANA random vectors, we have the following:

Lemma 2.1 {#FPar4}
---------

(Yuan and Wu \[[@CR5]\])
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Inspired by the proof of Lemma 2.3 in Li-Xin Zhang \[[@CR9]\], we extend Lemma [2.2](#FPar5){ref-type="sec"} to $\documentclass[12pt]{minimal}
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Lemma 2.3 {#FPar6}
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The following lemma supplies us with the analytical part in the proofs of the theorems in the subsequent sections.
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As applications of Theorem [3.1](#FPar10){ref-type="sec"}, we introduce two results that are not present in Yuan and Wu \[[@CR5]\].
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The following theorem provides an extension of Theorem 4.2 of Yuan and Wu \[[@CR5]\] for ANA random variables in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{1}$\end{document}$ to random vectors in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{d}$\end{document}$.

Theorem 3.4 {#FPar15}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq 2$\end{document}$ *be positive real numbers*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N\geq 1$\end{document}$ *be a positive integer*. *Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq 1\}$\end{document}$ *is a sequence of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{d}$\end{document}$-*valued ANA random vectors with mixing coefficients* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho^{-}(s)$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho^{-}(N)<(\frac{1}{6p})^{p/2}$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq 1\}$\end{document}$ *satisfies* ([3.1](#Equ7){ref-type=""}), *then*, *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta > \frac{1}{2}$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n^{-\delta }\max_{1\leq i \leq n}\Vert S_{i}-ES_{i} \Vert \rightarrow 0\quad \textit{completely}. $$\end{document}$$

Proof {#FPar16}
-----
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Remark {#FPar17}
------

Note that the proof of Theorem [3.4](#FPar15){ref-type="sec"} is a little different from that of Theorem 4.2 in Yuan and Wu \[[@CR5]\].

As applications of Theorem [3.4](#FPar15){ref-type="sec"}, we introduce two results that are not present in Yuan and Wu \[[@CR5]\].
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Proof {#FPar19}
-----
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Corollary 3.6 {#FPar20}
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Weak law of large numbers for ANA random vectors with values in $\documentclass[12pt]{minimal}
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Proof {#FPar22}
-----
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Proof {#FPar24}
-----
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Corollary 4.3 {#FPar26}
-------------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N\geq 1$\end{document}$ *be a positive integer*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq 2$\end{document}$. *Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq 1\}$\end{document}$ *is a sequence of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{d}$\end{document}$-*valued ANA random vectors with mixing coefficient* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho^{-}(s)$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho^{-}(N)\leq r$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq r<( \frac{1}{6p})^{\frac{p}{2}}$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq 1\}$\end{document}$ *is a sequence of identically distributed random vectors with* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{n\rightarrow \infty }\sum_{j=1}^{d} n^{p-1}P\bigl(\bigl\vert X_{1}^{(j)} \bigr\vert >n\bigr)=0, $$\end{document}$$ *then* ([4.3](#Equ14){ref-type=""}) *holds*.
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Proof {#FPar28}
-----

It follows from ([4.10](#Equ22){ref-type=""}) that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{n\rightarrow \infty } \sum_{j=1}^{d} E\bigl(\bigl\vert X^{(j)} \bigr\vert ^{p-1}I\bigl(\bigl\vert X^{(j)} \bigr\vert >n\bigr)\bigr)=0, $$\end{document}$$ which yields $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Since ([4.12](#Equ24){ref-type=""}) implies ([4.8](#Equ19){ref-type=""}), ([4.3](#Equ14){ref-type=""}) follows from Theorem [4.2](#FPar23){ref-type="sec"}. Thus the proof is complete. □
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Corollary 4.5 {#FPar30}
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